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Abstract. In this paper we construct a family of commuting multidimen- 
sional differential operators of order 3, which is closely related to the KdV 
hierarchy. We find a common eigenfunction of this family and an algebraic 
relation between these operators. Using these operators we associate a hy- 
perelliptic curve to any solution of the stationary KdV equation. A basic 
r-^N ■ generating function of the solutions of stationary KdV equation is introduced 

Q' as a special polarization of the equation of the hyperelliptic curve. We also 

define and discuss the notion of a «)-function of a solution of the stationary 
^ , g-KdV equation. 

' Introduction 

At the present time various forms of solutions of the stationary g-KdV equations 
are known, including the representations with the r-function (|El)i 6'-function ( 1141 
lisp, and (T- function ([3121); rational solutions can be expressed in terms of Adler- 
r — ' Moser polynomials ([Ij). All these functions satisfy the equation 

I^: (0.1) 2dllogf^~u, 

V^ I where u — u(x, t2, . . . , tg) is a solution of the stationary g-KdV equation. 

CP I In this paper we construct a family of commuting multidimensional differential 

operators of third order starting with an arbitrary solution of the stationary g-KdV 
equation. Using these operators we solve the following well-known 
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Problem 1. Supplement (|0.1|l with natural conditions so to obtain a problem with 
the unique solution. 

We call this solution a w-function of the KdV hierarchy. 

In I^U] S.P. Novikov observed that each solution of the stationary g-KdV equation 

is a g-g&p potential of the Schrodinger operator. It was shown in 0, [HI that the 

5— i I Kleinian cr-function a{x,t2, ■■■,ig) provides a solution of the g-KdV equation. This 

^ fact follows from a general result describing all algebraic relations between the 

higher logarithmic derivatives of the cr-function. 

We are going to discuss also the following natural 

Problem 2. Describe all the relations between the higher logarithmic derivatives 

Qii + ...+ig 

— ■ — logu;(x,t2,--- ,ig), where ii + . . . + ig > 2 

following from the construction of the w-function of the KdV hierarchy. 
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A solution of this problem is given in Section |H| 

In the paper ^H] I-M. Krichever introduced a concept of the Baker- Akhiezer 
function as a conimon eigenfunction of the operators £ and A (see section 1 for 
definitions). This function is characterized by its analytic properties, including the 
behavior at the singular points. In Section 110.21 we express this function via the 
common eigenfunction of our family of commuting differential operators. 

The results of this paper were partially announced in [H] , [H] ■ 

1. Preliminaries 

This section is a brief review of basic facts about the KdV hierarchy. See [T^ 
for more details. 

The classical KdV (Korteweg - de Vries) equation is 

(1.1) |^^1(^'"_6W), 

where m is a function of real variables x and t; the prime means derivation with 
respect to x. 

Denote £ = d^ — u the Schrodinger operator with the potential u. The second 
term here means the operator of multiplication by the function u; we will use similar 
notation throughout the paper. Let also 

(1.2) A, = a^ „ 3 ^^5^ ^ g^^) ^g3_ 3^5^ _ 3^,^ 

Then, as it was first noticed in J18j , the KdV equation is equivalent to the condition 

[Ai,C]^\{u"'-6uu'). 

Denote S a ring of differential operators with coefficients in the ring of smooth 
functions in variables x and t. Consider an action of the operator d/dt on the ring 
S) defined by the formula 



(1.3) 



^fc>0 J k>0 



Then for the operator C we obtain the equality 

d . d 

Wt^ = -m''- 

So, equation Hl.l|l is equivalent to 

For every differential operator i? e D define its formal conjugate B* as follows: 
take, by definition, 

(1.4) dl^-d,, r^f, 

where / is an operator of multiplication by the function /, and assume * to be a 
ring anti-homomorphism: 

(1.5) {B1B2)* = b;bi {B1 + B2)* = bi + b;, 

ioi allBi,B2 £ D. 
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We call an operator B symmetric if B* = B, and anti-sym,m,etric if B* = —B. 
Thus, the operator C is symmetric, while the operator Ai is anti-symmetric. 

Consider a subring !Di C S) generated by dx and the multiplication operator u. 
Supply the ring Si with a grading such that 

(1.6) degM = 2, deg9j; = l. 

Thus, degu^*"'' = deg9^u = k + 2. The operators C and Ai are then homogeneous 
of order 2 and 3, respectively. 

Definition 1.1. Denote by 21 the linear space of anti- symmetric differential op- 
erators A such that the commutator [A, C\ is an operator of multiplication by a 
function. 

Theorem 1.1. JHI The space 21 has a basis A^^Ai,... where Ak = d'^*'^^ + 
TliPk.idx ^^ ** homogeneous differential operator of order 2k + I, and Pkj is a 
differential polynomial of u of order 2k ~\- 1 ~ i. 

The recurrence relation for the operators Ak can be found in 8 . The operator 
Ai is given by l|1.2|l . The operators Aq and A2 are 

^0 = dx 

A2 - dl ~ -iudl + dlu) + ^udxu + ^{u"dx + dxu"). 
4 8 16 

Denote rfc[u] = [A^.L], so that ri[u] = \{u"' -Quu'), r2[u] == ^(u'^^-lOW- 

20w'w" + 30u^u'), etc. Suppose now that u depends on x and an infinite set of 

variables ti, ^2, • ■ • • The equation 

(1.7) dtu = rg[u] 

is called the g-th higher KdV equation. 

The family of equations (|1.7|l is called the KdV hierarchy. 

The action of differential operators dt^. on the ring S„ is defined similar to H1.3|l . 

Lemma 1.1. The operators Ak satisfy the following "zero curvature" condition: 
dtkAn - dt,^Ak = [^fe, An], or, equivalently, [dt^ - Ak,dt^ - An] = 0. 

The expression 

(1.8) n=\dl-\u'd-'-u, 

is called the Lenard operator; here 9~^ is an operator of integration with respect 
to X. Note that the Lenard operator TZ is multi-valued, to fix its value we need to 
choose the integration constants. 

Theorem 1.2. Functions rk[u\ are related by the Lenard operator: 

rk+i[u] = Ti{rk[u]). 

For example, tq ~ u' , and ri = ju'" — |um' = jd^u' — ^u'u — uu' = TZ{ro)- 

Definition 1.2. The equations 

9-1 
(1.9) rg[u\+J2'^krk[u]^0, 

fe=0 

where Ok are constants, are called higher stationary g-KdV (or Novikov) equations. 
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Theorem 1.3. A function u is a solution of (|1.9(l if and only if it satisfies the 
relation TZ^{u') = for some choice of the integration constants; this choice depends 
on the constants a^. 

See |0] for proof. 

If one replaces the function u with u + c where c is a constant, then the operator 
A}, becomes Ak + cX]i=o ^^k-.iAi for some constants Ck-i where Ck-k-^i 7^ 0. We can 
choose the constant c so that to achieve the equahty ag_i = in the decomposition 
of the operator A = Ag + J2k=o ^kAk- 

2. A FAMILY OF COMMUTING MULTIDIMENSIONAL DIFFERENTIAL OPERATORS OF 

ORDER 3 

In this section we describe a family {Uk} of differential operators commuting 
with each other and with the Schrodinger operator. In this aspect they resemble 
operators dk+i — Ak, but unlike {Ak} they are multidimensional operators of the 
third order. 

Let {ui,U2, . . • , Ug} be a sequence of functions of variables ii = x,t2, ■ ■ ■ , tg. 
Denote di = d/dti. Suppose that the first derivatives of the function ui are linearly 
independent, i.e. X]f=i Cidi{ui) = only if ci = • • • = c^ = 0. This condition means 
that the function ui = ui{ti,. .. ,tg) essentially depends on all its arguments, i.e. 
there is no linear projection tt : C^ ^ C^^^ such that u = Tr*u, where u is a function 
onC9-i. 

Denote 

£ = 9^ — ui , 

Ak = dldk - -{uidk + dkui) - -{ukdx + d^Uk) 

where fc = 1, . . . , g. Note that the Ai coincides with the operator Ai given by p.2|l . 

Define the formal conjugation * on the space of multidimensional differential 
operators by formulas H1.5|l together with the rule d* = —di where i > 1. The 
operators Ak are anti-symmetric: A^ — —Ak- 

Consider in the ring of differential operators in variables ti, . . . ,tg a subring Sg 
generated by the operators di, . . . ,dg and ui, . . . ,Ug. Define on J)g a grading using 
formulas H1.6|l and assuming also that degUfc = 2A: and Aegdk = 2k — 1. It is clear 
that the operators £ and Ak are homogeneous, deg£ = 2, deg^^ = 2A; + 1. 

Lemma 2.1. The commutator [C,Ak] is a multiplication operator if and only if 
u'f. = dkUi for all k. If this condition is satisfied then 

(2.1) [C,Ak] - ^K" - 2M'iMfe - 4mi4). 

Proof. Lemma follows from the formula 

[£, A] - {-2ul + 2dku[)d^ + {-u'f, + dku{)dl+dku'{-uidkUi--Uku\~-u';^. D 

Lemma 2.2. Let K he an anti- symmetric differential multidimensional operator 
of order 3. Suppose the commutator [K,C] is a multiplication operator, and the 
coefficients in derivatives of order 3 are constants. Then K = X]i<i<q'^i^J "I" 
"^idi + (j), where Ci are constants, and the functions tpi and (p do not depend on x. 
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Proof. Let K = J2l<^,j,k<g s^]k didjdk+J2i<i,j<g fn 9i^j+J2l<^<g 5* d^+h, where 
Sijk are constants such that Sijk — Sikj — Sjik, and all the /y, gi, h are functions of 
ti, . . . ,tg. The anti-symmetry implies that fij = for all i, j, and X]i<j<(7 W' ~ '^^' 
We have 



[C, K]= Y. g'ld, + 2 Y. g[d,d, + h" + 2h'd.. 

l<i<g l<i<g l<i<g 



^ ^^aT"^- 



\dtidtidt„i dtidti dti 

Since the commutator [C, K] is a multiplication operator, the coefficients at didj 
and di in the last formula are zeros. 

It follows from the linear independence for the first derivatives of the function 
ui that Sijk = when i,j^\. If i 7^ 1 then one has 2g[ = —ism-g-ui. 

Equalizing the coefficient at dx to zero, we obtain <?i +2/i' + 3^j^<j< ^n^F^ ~ 

0. Put Ci = 3siH = Siii+Sui+Siii] Vl =ffl + l/2 Yln=l'^i'^ii i'k = fffe + SLl ^i"! 

for fc ^ 1, and (f) — h + J2^=i Ciu[. Then the functions ipi, i = 1, . . . ,g and (/> do not 
depend on x and iiT = J2i<i<g ^i^i + V'jf^j + 4>- ^ 

Denote 

Wi = A - 9i+i, for i < g; 

Ug = Ag. 

The operators lAi are anti-symmetric and homogeneous. 
Lemma 2.3. The following conditions are equivalent 

(1) [CMk] = 0. 

(2) -dk+iC=[C,Ak]. 

(3) dk+iui = u'i,_|_i = i(Wfe" ^ 2u'iUfc - 4uiu'j,) /or fc < g, and {u'g - 2w'i-Ug - 
iuiu'g) = 0. 

Proof. Lemma follows from the equality 

[C,Uk] = [>C, Ak] + dk+iC = [C, Ak] - dk+iui. D 

The last statement in Lemma 12.31 allows to express the functions Uk recursively 
via Ml and its x-derivative, up to the choice of a function that do not depend on x. 

Corollary 2.1. Under the hypotheses of Lemma \2.KA functions Ui are related by 
the Lenard operator TZ (see (|1.8|l ); 

(2.2) d,+iUi=TZ{u[)=TZ'+^{u[). 

For i = g one has = dg+iui ~ TZ^{u[). 

Corollary 2.2. The operators {Uk} commute with C if and only if the function 
ui(x) is a solution of the stationary g-KdV equation. 

Lemma 2.4. The operators Ui,Uj commute for all ^ < i, j, < g if and only if the 
functions {ui} satisfy condition Q of Lemma \2.c\ and the following equalities: 

(2.3) diUj = djUi, 

(2.4) u'^.Ui- u[uk + 2di+iUk~2dk+iUi=0, l<i,k<g. 
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Lemma is proved by direct calculation. 

Note that H2.3|l implies the existence of a function z{ti, . . . ,tg) such that diz = m. 
The commutation of operators Ui is equivalent to zero curvature conditions for 
the operators Ai'. 

(2.5) ^J+lA^ - d,+iAj + [A,Aj] - 



3. A GENERALIZED TRANSLATION ASSOCIATED WITH THE KdV HIERARCHY 

In this section we develop the technique of a generalized translation from |2]. 
For 7y e M define an operator D'^ acting on the space of functions of one variable 
as iD^f){^) = 2(l!!„\ /(^)- E)efine the operator B by the rule 

Bif,h){tr^) =. ^J^(/(e)M^) - firjMO) = /(OP''/i)(0 ~5(C)(^V)(0- 

It possesses the following properties: 
. B{f,h){tv)^-B{h,m,v)- 

• S is a bilinear operator. 

• If /(C) and h{£,) are polynomials, then B{f, h){£^,j]) is also a polynomial. 

. 6(i,2r^) = i. 

Define also an operator Bk acting on the set of fc-tuples of functions of one 
variable as follows: 

Bkifl,- ■■ ■/fe)(Cl:- •■ iCk) = ofc-lTT '~^ ' U r\ Z2 i^'^T fliicr{l)) ■ • ■ /fc(Co-(fe) ) 



n^ie 



/l(6) 
/l(6) 


eSfc 

/2(ei) . 
/2(6) ■ 


■ /fc(6) 


/l(&) 


/2(6) . 


■ fki^k) 



2'=-iTy(Ci,6,---,efc 

where iy(Ci, . . . , ^fe) is the Vandermonde determinant. 
Note that Biif) = /, B^if^g) = S(/,<?). 
Let /i be a function of variables C; ti, . . . , tg. So that one has 

k 

d,Bk{h,...,fk){ii,...,ik)^Y.^k{h,...,d,h,...,h){ii,...,ik). 

1=1 

For a fixed function /i put, by definition, {T^f){C) = {T{h)y){£) = B{f, h){(, rj). 

Lemma 3.1. The operators TP satisfy the associativity condition T^TJ = T^TP 
and the commutativity condition TVTJ — TTTV . 
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Proof. Calculate T^T'^f: 






^l^^f = ^(^ ( e^ ^"""o'/. IV'""'^ Mr) - rr; -^'^'7/_ -;;'^'^^' ^ MO 



^''^ 4(e-T)(e-ry)(ry-r) 

This expression is invariant under all the permutations of the variables ^, 77, r. 
Lemma is proved. D 

Corollary 3.1. The operator TP is a commutative operator of generalized transla- 
tion and 

In particular, Tc I ~ I if and only if h(S,) = 2/^. 

Remark 3.1. The generalized translation operator V^Hf) ~ fZ'' from ^ is 
equal to T^ when h — 2/^. 

Remark 3.2. Let h{^) ~ /i-i/^ + h{^) where h{^) is a function regular in a neigh- 
bourhood of the origin. Then for a function /(^) regular in the vicinity of the origin 
the function /(^, rj) — T^ f is regular in the vicinity of the point (^, ry) = (0, 0). 

Definition 3.1. A polarization of a smooth function /(^) is a symmetric function 
of two variables f{^,ri) such that f{£,,^) = 2/(^). 

Lemma 3.2. Let f{^,ri) be a polarization of a function f{S,)- Then 
(3.1) ^•^^^''^^ -^^^^^ 



9C 5=,, d^ 

Proof. For a symmetric function /(^, 77) there exists a function h{si, S2) such that 
/(e, V) = H^ + V. ^V)- Since 2/(0 = f{t - ^2^ e), one has 



dfitv) 



On the other hand, 



dh dh 

dsi ds2 



,.,^l^'^«^>-£<^«"'«- 



a/(e) = i^mi!) = |t(2^,f.) + |t(2«,^»,^ - «(«'') 



9C 2 ac 9si' "'^ ' ds2^ ' ac 






Example 1. Letf{£,) = J2i9iiOhi{0- Then the function f {^ , tj) ^^J^iiMO^iiv) + 9i{v)hi{0) 
is the polarization of f{^). 

Let Fn is a set of smooth functions on n variables. 

Definition 3.2. Let G : F^ ^ Fi and G : Ff ^ F2. The operator G is called a 
polarization of the operator G if the function G(/i, . . . , fk) is a polarization of the 
function G(/i, . . . , fk) for any /i, . . . , fk- 

Recall ( J3,) that the one- variable Hirota operator Hj is given by 

Hc[/(e),5(C)] = /'(0.9(e) -/(e)5'(C). 
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Lemma 3.3. The operator ^S(/, (7)(^,7/) gives the polarization of the Hirota op- 
erator 

Proof. We need to prove that 

Let 77 = e + e. Then /(r;) = /(C) + £/'(0 + Oie") and g{ri) = g{0 + eg'{0 + 0{e'). 

HenceS(/,5)(C,?+e) = ^^ (/(C)s'(e> " 5(e)/'(e)e + ^(e^)) = ^HiUiO^giOV 
0{e) D 

Define operators Di with the help of the expansion 



{Dvm = Y.^D,mw 



2 



Lemma 3.4. Let /(O = ■ ■ ■ + k + fi^ + M' + ■ ■ ■■ Then 

U fiO = /o + .M + ■ ■ ■ + friC is a polynomial then {Dif){C) = ^/o ana 



2-' 

It is clear that 



(3.2) {Dk+ifm^r\Dkfm + lfk. 

Note one more property of the operators Di : 
Lemma 3.5. Let /(^) be a polynomial. Then 

A;>0,m>0 V/'^7\S, / ',', / /S 

Define the operators di by the formula T^ f{£,) — X]('^j/(0)'7'- Then 

d^fi0^f{OD^hiO-hiODaiO. 

From Lemma l3. II using the standard methods we obtain: 

Lemma 3.6. The linear space spanned by the operators di, i = \, . . . , is an asso- 
ciative and commutative algebra with the following multiplication: 

i+j 

did] = y^c*',^- 

fc=0 

where the structure constants c*: are found from the expansion 

For the sequence of function {ui, . . . , Ug\ of variables ii — x,t2, ■ ■ ■ ,tg introduce 
the generating functions 



MI-FUNCTION OF THE KDV HIERARCHY 9 

(prime here, as usual, means a differentiation with respect to x). The following 
statement gives an expression of the third derivatives w'/', . . . , u''' in terms of func- 
tions ui,...,Ug and their first derivatives. Moreover, it allows to express these 
derivatives recursively as a differential polynomial in ui. This is one of the key 
results of the paper: 

Theorem 3.1. The sequence {ui,U27 • ■ • jUg} satisfies condition (j^J of Lemma \2JA 
if and only if the generating function u(^) is a solution of the following equation: 

(3.3) u"'(C) + 2<(2 - u(0) - 4(r ' + «i) u'(0 = 0. 
Proof. We have 

u"'(C) + 2u',{2 - u(0) - 4(r' + ^i) u'(0 - ^«' - 2u\u. - ^W, - H+i)C ■ 

The coefficients at ^* in the right-hand side of this formula are all zero if and only 

if condition (|^ of Lemma 12. 31 holds. D 

Take, by definition, 

a 

9feu(o = 5]9,u,e. 

2=1 

Lemma 3.7. Equations H2.3|l and (|2.4|l together are equivalent to the following 
equation: 

dk+MO = r'dkuiO - ^^^fcu'(a + ^4(u(0) - <■ 
This equation allows to determine recursively the partial derivatives dkU.{^): 

(3.4) dkuiO = Dk{2 - u(0)u'(C) - i^fc(u'(e))(2 - u(0). 

In the sequel we suppose that ()3.3|l and 1)3.4(1 hold for the function u(^). 
Corollary 3.2. 

(3.5) afcu'(e) - D,{2 - u(C))u"(C) - i?fe(u"(C))(2 - u(e)), 
5fcu"(e) = 4(r' + w)afcu(0 - 2<(2 - u(0) 

+ i?fe(u"(0)u'(?)-i?fe(u'(e))u"(e). 

Let 9(77) = X]f=i ^*^i- Note that for a fixed 77 the operator d{ri) is an operator 
of differentiation in the direction of the vector {ri,ri^, . . . , rj^), i.e. 

di 
Corollary 3.3. 

{d^diO + 2(2 - u(C))5, - 4(r ' + ^ii)a(0)« = 0. 

Proof. Recall that diUi = u'^, and therefore u'(^) — d{S,)ui and u"'(,^) = d^d{S,)u. 

The statement follows now from (|3.3|) . D 

Denote TT' = T{2 — u{^))l. The operator X'' plays a special role below, as shows 

Theorem 3.2. 

(3.7) divMO^T^^dMO- 

(3.8) d{vW(0=T^'dlu{0. 

(3.9) a(r7)u"(e) = T^dluiO - S^^(u'(e),u"(0). 



5(7,)/(ii, ...,tg)= —fit, +Tfi,...,tg + Tf^s) 



T=0 
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Proof. These formulas follow from the definition of the operator T^ and equations 

(E3I), ESI, (EHl- □ 

Note that (|X7|) . l|^ imply that 

The associativity condition for the operator TP is equivalent to the following 
relation, which will be used later: 

Now we describe the family of differential operators {Ui] using the method of 
generating function. 

Lemma 3.8. The generating function of the sequence of operators Ui is: 

Y,u£ = \{{c- r')diO + 5(C)(/: ~ r')) + ^((2 - u(0)a. + a.(2 - u(0)). 

4. The hyperelliptic curve associated with a solution of KdV 
Theorem 4.1. Suppose the generating function u(^) satisfies (|3.3(l and H3.4|l . Let 

(4.1) MO = u'(0' + 2u"(e) (2 - u(0) + 4(r' + «i) (2 - uiOf ■ 

Then ii{£,) = 4^^^ + X]j£i MjC' where ^i are constants, i — 1, . . . , 2g. 

Proof. It follows from (gTI), ^231), ES that d{Tj)fi{0 = 2u'(09(r?)u'(0 + 2(2 - 
u(0)a(r7)u"(0-2u"(Oa(,7)u(0+4u'(ry)(2-u(e))2-8(r^+«i)(2-u(0)5(r7)u(0 = 
0. Therefore i9i/ij = where !<«<<?, l<j< 2g, and all the ^i are con- 
stants. D 
Assume Uk — ior k > g . Equation (|4.1(l implies that 

(4.2) Uk+i = -fik + Jk{u,u',u",...,Uk,u'k,u'^), k = l,...,2g, 

where Jk are polynomials. We see that the functions u^, k = 2, . . . , g, can be ex- 
pressed recursively via the function ui, its derivatives and the constants fii, namely 

(4.3) Uk = ek{u,u' , . . . ,u'-^''-^\ m, . . . , Hk~i) 

where Qk are polynomials. 

Note that the condition J' = is equivalent to the stationary g-KdV equation. 
For k > g one has Jk = —l/Afik, which gives rise to integrals of the higher KdV 
equation (see IT^I. 

Since dkUi = m^, the partial derivative of ui with respect to tk can also be ex- 
pressed in terms of derivatives with respect to x. Therefore the behavior of function 
ui along the coordinate axes t2, ■ ■ . ,tg can be reconstructed if its derivatives with 
respect to x are known. 

Lemma 4.1. Let ^i be constants. Then equation H4.1|l implies equation H3.3|l . // 
equations (|2.3(l and (|4.1|1 hold, then equation ()3.4() holds, too. 
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Proof. The first statement of tfie lemma is trivial. From the equality u'^j^^ = 
\/A{u'l! — 2u'uk — 4uu'j,) one obtains 

This equation proves that H3.5|l holds. So H3.5|l is also true. Integration of (|3.5|) 
with respect to x gives the formula i9feu(^) = Dk{2 — u(^))u'(^) — D/i;(u'(^))(2 — 
u(^)) + Lp{t2, ■ ■ ■ ,tg) where the function (/? does not depend on x. Combining the 
last equation with H4.1|l . we obtain 

= Ad^m = afc(u'(0' + 2u"(e) (2 - u(0) + 4(r' + wi) (2 - u(0)') - 

(8(r' + "i)(u(e)) + 2u"(0) <^(i2, . . . , t,). 
The function in parenthesis cannot vanish identically as a function of a;, and thus 

Summarize the results obtained: 

Theorem 4.2. The following statements are equivalent: 

(1) The function ui is a solution of a stationary g-KdV equation. 

(2) There exists a sequence of functions {ui,...,Ug} such that the operators 
£ = dl - ui and Ui = d'^di - ^{uidi + diUi) - \{uidx + d^Ui) - di+i, 
^ 1^ i 1^ 9 commute. 

(3) There exists a sequence of functions {ui, . . . ,Ug\ and a set of constants 
fJ-i, ■ ■ ■ 1 lJ'2g such that the generating function u(^) = X]f=i ^jC* satisfies 

In order to find out the relation between the constants fik and the coefficients a^ 
we need the following result: 

Lemma 4.2. The operator U = UiC^-^ + ZYz-C^^^ H hUg 

(1) commutes with the operator C; 

(2) is an operator of order 2g + 2 with the leading coefficient 1; 

(3) contains the differentiation with respect to x only. 

Proof. The first statement of the lemma is obvious. The leading term of U is a 
composition of the leading terms of the operators U\ and £^^^, so it is equal to 
Q'^9+'^^ This proves the second statement. Since Ui = diC — di+i — \/2uidx + 1/4^^, 
the sum UiC — Ui^i does not contain the differentiation with respect to t^+i. By 
recursion we get the third statement of the lemma. D 

Theorem 4.3. Under the hypotheses of Theorem \4-S\ the operator A can be de- 



composed as A^ UiCs^^ + U^CP^'^ + ...+Ug, where A ^ Ag + J2i=o a^^*- The 
coefficients ^k o,nd Oi satisfy the following relation: 

fc-2 

(4.4) ^k = ittg-k-l + 4 ^ ag-^-lOg-k + l- 

i=l 

for k = l,...,g-l. 

Proof. The first statement of the theorem follows from lemma W^ and uniqueness 
of the operators Ak (see Theorem 1 1.1 II . 

The function Ufe is a differential polynomial Ufc — 8fe(ui, u[, . . . ,ui ,/ii, . . . ,/-ifc-i). 
Let Ek be a constant term of Gfc. Then UiC^^^ + U2Cs-^ + ■■■ +Ug = a^s+i - 
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l/2^Ufea29-2fc-i +J2^^^x = 92ff+i - 1/2 X) EfeS^s-^fc-i + J^ ^id^ whcrc *, and 
'di are differential polynomials in ui without constant terms. On the other hand, 
A = a^s+i - l/2Y,akdl''+^ +Y.^idl- Thus, at = -l/2eg-k-i, and so it remains 
to find £fe. The result follows now from (|4.1|l . D 

The following corollary is one of the main results of the paper: 

Corollary 4.1. There is a canonical way to associate a solution Ui of the stationary 
g-KdV equation with a hyperelliptic curve 

(4.5) r^{i^,y)eC'\y'^MO}. 

The coefficients /ii, . . . , fJ-g-i are expressed in terms of the constants Oi as in equa- 
tion \4-4[ c-nd Hg, . . . , fj,2g o,re found from \4-°A in terms of the values of u]^ (to), 
k — 0,1, . . ., at some point to G C^. 

Remark 4.1. The hyperelliptic curve constructed above coincides with the spectral 
curve introduced in |12, when the solution ui is periodic as a function of x. Our 
construction uses only the local properties of the function ui, while in 12 only 
periodical or rapidly decreasing functions are discussed. 

Remark 4.2. The number of singular points on F is an important characteristic 
of the solution ui. This number can be expressed in terms of u^ (to) using the 
resultant. 

5. Fiber bundles associated with the stationary g-KuY equations 

The equations described by H1.9() are ordinary differential equations of order 
2(7+1, and so their solution ui is uniquely determinated in a neighbourhood of a 
given point xq by the values Cfc = u^ (2:0); ^ = 0, . . . ,2g. Since the coefficients 
of the KdV equations are constants, we can take xq — 0. The stationary g-KdV 
equations depend on the numbers oq, . . . , 0^-2 and so the space of all such equations 
is isomorphic to C^^^. 

The space Mg of all the hyperelliptic curves F — {{£,,y) G C^ | y^ = 4/i(^)} can 
be parametrized by the numbers /ii, . . . fi2g, so it is isomorphic to C^^. 

Denote by Rg the space of solutions u of all the stationary g-KdV equations 
such that u is regular at the point xq. As it was explained above, we can identify 
the space Rg with C"^^ using coordinates (cq, ci, . . . , C2g, ao, . . . , ag-2)- 

There exists a canonical map ttj^ : Rg —^Mg, which sends a solution m to a 
hyperelliptic curve F described in H4.5|l . 

Denote by ilg the space of g-th symmetric powers of hyperelliptic genus g curves. 
We consider the universal bundle {iig, Mg, ttu) where the natural projection ttjj. : 
iig -^ Mg is given by ttu^ {x £ Sym^T) — F. 

Theorem 5.1. There exists a canonical fiber-preserving birational equivalence Rg — > 

Ug. 

Proof. Let F be a hyperelliptic curve associated with the solution ui of the sta- 
tionary g-KdV equation (see CoroUarv I4.1|l . Let ^i,...,^g be the roots of the 
equation 2 — u(0,^) = 0. Denote y-i — u'(0,^i). Equation H4.1|l implies that 
yf = u'(0,^i)^ ~ 4/z(^), so the point {^i,yi) belongs to F. Thus we have a 
map t; : Rg ^ iig given by the formula v{ui) = (F, [iCi,yi), . . . , (Cg,yg)]) where 
{ii,yi) G F. Apparently, v is fiber-preserving. 
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On the other hand, if a curve T and a point [(^i, j/i), . . . , (^g, yg)] G Sym^T are 
given, then in the case of distinct points {^i, ■ ■ ■ ,S.g), it is possible to construct the 
point (co, . . . , C2g, ao, . . . , cLg^2) as foUows. The constants a^ are a solution of (|4.4|) 
where the parameters ^i are known. The values Ui(0) are the symmetric functions 
oiii,---,£.g, namely Ui(0) = 2 (-l)9-Vg_i+i(^i, . . . ,^g)/crg(Ci, . . . , Cg)- Then the 
values u^(0) can be found, as the coefficients of the generating function u'(0,^), 

from the equations u'(0,^i) = yi. All the higher derivatives Cfe = u\ {0) can be 
found by recursion using equation (|4.3() . Thus the inverse rational map v~^ is 
constructed. D 

In case of the universal bundle of Jacobians over the moduli space of genus g 
hyperelliptic curves this theorem gives the famous results of Dubrovin and Novikov, 
see [121. 

6. Algebraic relations between the operators CMi,- ■ -Mg 

The Burchnall-Chaundy lemma (0) says that two commuting differential op- 
erators of one variable are always connected by an algebraic relation. In 16 the 
case of commuting differential operators of n variables was considered. In the same 
work they indtroduced a class of n-algebraic families of operators, i.e. families of 
commuting operators characterized by finite-dimensional algebraic manifolds. The 
family {C,Ui, . . . ,Ug} gives an example of n-algebraic operators from |16| . 

Lemma 6.1. The operators C,Ui, . . . ,Ug satisfy the following algebraic relation: 

Using the notations U{z) = Uiz^-^ + U2z3 + ... +Ug and fi{z) = Az'^s+i + 
fiiz^s^^ + . . . + fi2g, one can write down this relation as 4U{£)'^ = fi{£). 
Proof. Denote 

Then 

(6.1) U^ = d,C - S^ - d,+i. 

We have 



[C,S,]^u',C 



-^i+l) 



which implies the equation 



i-{-j—k i-\-j—k 



i+j=k 

A direct calculation gives that 

2 1 //I.," 



d,S, + SA = u,di - l/Au 
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Therefore, 

+ Yl {"^/^u^ujdl - l/2u,u'^ + l/16u^^)/:29-»-J = 

1<'J<9 

l<i<g l<i<g 

We see that the coefBcient at C^^^^ in this formula is exactly the coefficient at 
C in the expression l/16(u'(02 ^_ 2u"(0(2 - u(0) + 4(mi + ^-i)(2 - u(0)^ = 
1/4^.(0. D 

Corollary 6.1. Let '^{ti,t2, ■ ■ ■ ,tg) be a common eigenfunction of the operators 
L^lAi, . . . ,Ug, with the eigenvalues E , ai, . . . , a^. Let£_ = E~^ anda(S,) = X]f=i ^^iC 
Then 

(6.2) 4a(0' = m- 

7. A COMMON EIGENFUNCTION OF THE FAMILY {Ui} 

In this section we construct a common eigenfunction of the family of commuting 
differential operators {Ui}. 

Lemma 7.1. 

d fD,i2-u{0)\_ d /A(2-u(0) 



dt,\ 2 - u(0 / dtj V 2 - u(0 
Proof. It follows from the definition of the operators d(ri) and Di that the expres- 
sion -^ ( 2-u(ff ) equals to the coefficient at C^7f in the expansion ^(C) 2(|- ) 2-u(l) 
with respect to rj and C. This function is equal to ,^_\^-.yi Tj'T^ u' {£_) (see (|3.1Ull ). 
Since the generalized translation TJ' is commutative, this function is symmetric 
with respect to the variables ( and rj. Consequently the coefficients of C,^ri^ and 
(■-'77' are equal. D 

Corollary 7.1. There exists a function -F(^) — F(ti, . . . ,tg,(,) such that diF = 

' _ ^c) , ^ ^ i ^ 9- The function i^(^) is uniquely defined up to an additive 

constant in a neighborhood of any point (io^^o) — (^ii ■ • ■ j ^gi Co) such that 2 — 



Consider also the function $ ~ ^{ti, . . . ,tg\E = S, ^, ai, . . . , ag) given by 

g 
(7.1) <& = v/2-u(e)exp (2«(0F(C)) exp(-2 ^ D,{a{i))tr), 



i=i 



where a(C) = X)f=i Q^iC'- The function $ is uniquely defined up to a multiplica- 
tive constant in a neighborhood of any point (io, ^o; a) such that 2 — u(fo; £,0) 7^ 0. 
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Find the derivatives of the function $ with respect to x = ti and tk, k > 2: 

^ ^ ^ 2(2 -u(e)) '^' 



^„ ^ , -u"(0(u(0+u'(g)(4a(g)-u-(0) ^ (MO-u-(O)^ ' ^ 



(7.3) 



2(2 -u(a 4(2-u(e))2 

16«(02-2u"(e)(2-u(e))-u'(e)2 



4(2-u(^))2 



-$, 



Lemma 7.2. The junction $ is an eigenfunction of the operator C with the eigen- 
value E ^ if and only if £, — E^^ and {^,4q;(^)} G T, where T is a curve defined 
by equation 14. 5|) . 

Proof. Equation H4.1(l implies that 

The function in parentheses vanishes identicaUy iff 4q:(^)^ — /i(^) = (^^^ — £')(2 — 
u(^)). Differentiating the last formula with respect to x, we obtain that (^"^ — 
E)u'{^) = 0. Hence ^"^ = £: and 4a(^)2 = /i(^). D 

Theorem 7.1. Suppose that 4a(^)^ = /Lt(^). T/ien 

(1) T/ie function ^ is a common eigenfunction of the family C,Ui, . . . ,Ug with 
eigenvalues E = ^~^, ai, . . . , ckg. 

(2) The space of common eigenfunction of operators C,lAi, . . . ,hig with eigen- 
values E = S,~'^ , ai, . . . , ttg is one-dimensional. 

Proof. Express the operators U^ as 

(7.5) Uk = dk{dl - (ui + r')) + r^dk - l/2ukd^ + 1/4^;, - dt+i- 

Let 4* be a common eigenfunction of £, Uk with the eigenvalues mentioned above. 
Then 

(7.6) {r'dk - l/2ukd., + 1/44 - dk+i) * = "fe*. 

This allows to express all the partial derivatives dk'^ in terms of '^ and '5', namely 

dk^ = Dk{2 - u(0)*' + \Dk{yy!{0)-^ - 2Dk{a{0)-^, l<k<g-l. 
For fc = g — 1 one gets from (|7.6|) 

Therefore, 

r' (^g(2 - u(0)*' + ii?s(u'(0)* - 2D,(a(e))) -l/27.,v|/'+l/44vI/-a,vI/ = 0. 

Using Lemma [3.41 and 13.211 we obtain 

(2-u(0))*' = (l/2u'(C)+a(0)^. 

Thus, 

■^' _ ~ll2n'{^) + a{0 

vp 2 - u(0 ' 
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and 

-^ = Dk{2 - u(0) ^_^.^^ + ^Dk(u (0) - 2Dk(a(Q) 

a(ODfc(2-u(0)-l/2afcu(g) 
= 2 ^ ^/fx 2Dfc(a(0), fc = 2, ...,3. 

We see that ^^ = ^j-, fc = 1, . . . , g. Therefore, ^ = A<i> where A is a constant. 

D 
Consider now the special case E = Q. 

Theorem 7.2. The space of common eigenfunction of operators C,Ui, . . . ,Ug with 
eigenvalues 0, ai, . . . , a^, where Ao? = ^2g, is one- dimensional. 

Proof. Let $" be a common eigenfunction of operators C,Ui, . . . ,Ug with eigen- 
values 0, ai, . . . , ttg. Since £(f>° = 0, equation l|6.1|l implies that 

llk<P° = i-l/2ukd^ + 1/44 - dk+i)<P° - afe$°. 

Therefore, 

(7.7) 9fe$o = -(l/2ufe_ic),-l/44_i + afe_i)$o, k^2,...,g 
and 

(7.8) 9.$° = 1^$°. 
Note that (|7^ and (|n|) imply 

"^ 4u2 ° 4u2 

It follows from (f77|) and ((7^ that 

ufc-i(4ag - u'g) - ug(4afc-i - <_i) ^p 
^'^^ ^ ^g * ■ 

Since the logarithmic derivatives are uniquely defined, the space of eigenfunction 
with eigenvalues E = Q,ai, . . . ,ag = l/4^//2g is one-dimensional. D 

Note that the function $ can be expressed as 

(7.9) $ = expF, 
where 

(7.10) F= l2a{OF-2J2D^{a{0)k + l\og{2-u{0)y 

We have 

,-.., .p A(2 - u(g))(4a(0 - u-(g)) - A(4a(0 - u'(0)(2 - u(g)) 

Using the notation d{ri) — X]f=i V^^i, we can rewrite these formulas as 

8( )F- ^^ (^ - "(^))(4«(0 - u^(g)) - (4a(^) - u^W)(2 - u($)) _ r/'(4a(C) ~ u-(0) 
^''^ e-r/ 4(2 -u(0) 2(2 -u(0) ■ 
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Lemma 7.3. The function x(^) — diF — "f^_ ^^V satisfies the Riccati equation 
x'ii) + xiiY = ui+ ^^^. Moreover, 

2 - u(77) 2(^ - 77) 

Denote by F a hypersurface in C^+^ = {(f , ai, . . . , a^)} defined by equation 
(16.21) . Recall that F = {f,y g C^ \y'^ — 4a*(0}- ^"^ coordinates E,ai the hypersur- 
face V is given by the equation 

4 {aiE9-^ + a2E3-^ + . . . + a^)' = 4^^3+1 + f^^E^a-i + . . . + ^^g, 

and the curve F is given by the equation 77^ ~ 4(4i?^s+^ + ^lE^^^^ + . . . + ^2g) 
where rj = y£,~^ ■ 

Define a projection tt : V^ — > F by the formula 7r(^, ai, . . . , a^) — (^,2a(^)). 
In the sequel we will consider the curve F as subvariety of V using a canonical 
embedding i -.T ^^ V defined as 7(<^,77) ~ (^,0,0, . ...ri). Let V* = 7r^^(F*) where 

r* = {(?,y)eF; e^o}. 

Recah that C*={CeC|C7^0}. The function $ of equation lO is defined 
in the space C^ x C* x C^ parametrized with coordinates ti, . . . , ig, ^, ai, . . . , a^. 
Consider this domain as a graded space using the following grading: degtfc = 
1 — 2k, deg^ = —2, degafc — 2fc + 1. Take also deg^i = 2i -f 2. Then the equation 
4q(^) = /i(^) defining the variety V* is homogeneous. 

Lemma 7.4. Let ^ be a common eigenfunction of the operators C,lAi, . . . ,Ug with 
eigenvalues E = ^^^ ,ai, . . . .Ug. Let 72, . . . , 7g G C he arbitrary constants. Then 
the function $ = $ exp(72i2 + . . . + 7gig) is also a common eigenfunction of these 
operators, its eigenvalues given by E — ^^^, ai — ai — j2, 52 = 0:2 — 73 + 
^72, ...,a^^a^- 7j+i + C7j, . . . , 3g = ag + ^7g. 

Proof. Take 71 = 0. It is obvious that ^fe^ = ^ +7^, fc = 1, . . . , 5 and £$ = E^. 
From (|7.5|) one obtains that 

W/c* = ir^dk--ukda:+-u'k-dk+i)^ = exp(72t2+. • •+7gig) (Wfc$ + (rSfc - 7/c+l)*) 
Therefore, 



where 

(7.12) ak = ak + {C^k ~ 7fc+i)- □ 

Note that J2Li a^e = Ef=i "^f- 
Assume that deg7fc = 2k — 1. 

Corollary 7.2. Equation (|7.12|l defines a free action of the graded additive group 
C^^^ with coordinates 72, • . ■ , 7g oti the variety V* . The quotient space V*/C^~^ 
is F*. The vector bundle V* — > F* is trivial. 

Proof. Define the map s : F* x C^~^ -^ V* by the formula s(^, y, 72, . . . , 7g-2) = 
(^, t, —72, C "'^72 ~ 73, • ■ • , ^ "'^7g)- This is the required trivialization. D 

Consider the case ui = 0. In this case the operators Uk and C are 

(7.13) C = dl Uk = dldk-dk+i. 
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Lemma 7.5. Let ai, . . . ,ag and ^ satisfy the equation (X]f=i ^^iC) = C ^ ■ Then 
the function 



(7.14) 



$o = exp( J2 «»*feC"'+' 

l<fe<i<g 



is a common eigenfunction of the operators l|7.13|l with eigenvalues E — ^ ^j Q^i, 
Proof. The logarithmic derivative of the function $o are given by 



.,ag. 






= £a.e' 



-/c+1 



i—k 



It is clear that d^^o = C"^$o and Uk'^o = i^'^dk - i9fc+i)$o = a/=$o- □ 

The function $o can be obtained from the formula 1)7. l|l by rescaling. This fact 
will be proved in Section ri().2l 

8. Basic generating function for the solution of stationary g-KoV 

EQUATION 

Denote /.(C, v) = ^C^ + ^^-^ + 2ELi ^^2^^'v' + Ef=o ^^2^+l{^ + v)Cv'- We 
have n{£,,S.) = 2/i(^) and /i(^,?7) = /i(?y,C): so n{£,,r]) is a polarization of /i(^) (see 
Definition El). 

Consider the function 

Q(^,77) - u'(Ou'(,7)+(2-u(e))u"(77)+u"(0(2-u(r7))+2(2-u(e))(2-u(ry)) (r' + 'y^^ + 2«i) 

The function Q{^,ri) is a polarization of the function in the right-hand side of 
(|TT|l . Therefore Q{l,i) = m(C,6- Equations (EU and (gH) imply that 



dnitv) 



d( 



dQi^,v) 



i=ri 



d^ 



i=ri 



Denote also 



Lemma 8.1. The function 



e d^Ktv) 



dS,drj 



ev' 



d'Qitv) 



i=v 



d^drj 



i=ri. 



(8.1) P{L V) - i(^— ^ (2m(C, v) - Q(C, V)) ■ 

is a polarization ofP{^). 

Proof. It is obvious that P{£,, if) is symmetric. Direct calculations show that 



no 4.^ 



5V(e) , (dn'iO 



?='? 



de 



d^ 






-4r^^(2-u(o) + 4(e- + .o(^) J ^hmpie,.). □ 



Corollary 8.1. P{i,ri) is a polynomial of degree g in variables ^ and rj, 
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Define functions pij as coefficients in the expansion 

9 9 

(8.2) ^(e,^) = EEp'^^v- 

1=1 j=i 

Lemma 8.2. pu — pn — Ui 

Proof. Lemma follows from the formula 'YlH^iPuC ~ Ity^o — '^{Cl- '-' 

This result motivates the following definition: 

Definition 8.1. The function P{^, rj) is called the basic generating function for the 
solution ui of the stationary KdV equation. 

The coefficient at ry^ in 18.1|l is equal to : 

(8.3) 2J2P2^C = -3(2 - u(0)(ui + 2r') - u"(0 + /iiC + i2r'- 

Therefore, 

(8.4) u'- = 'iuiUi + 6uj+i - 2p2,i + lJ-i6u 

where Sij is the Kronecker symbol. 

It will be shown later (see sectior^^J that if ui = 2pgg is a solution of the 
stationary KdV equation from [3], then Ui = 2pgg_i_|_i, m" = 2pgggg_i^i, p2,i = 
2pg_i^g_i^i. equation H8.4|l becomes the basic relation for p-functions (see (4.1) in 
[3]). All the results of [3] for the p-functions, derived from the basic relation, are 
thus true for the arbitrary solution of the stationary KdV. 

Lemma 8.3. d{OP{^,v) ^ di^PiCv)- 
Proof. We have 

diOPi^,v) = 8(g _ rjf/-l)(rj - C) ("'^(^)("'(^)(2 " "(0) - u'(C)(2 - u(,7))) 
-u"(ry)(u'(e)(2-u(C))-u'(C)(2-u(e)))+u"(C)(u'(C)(2-u(r;))-u'(r;)(2-u(e))) 

^ 4(^-\')(^-C) "^^^^^^'"^^^^^^'"^^»' 4(e-^;)(^,-C) 

^'^"^ -u'(e)(2-u(r;))(2-u(C)) 



4(e-77)(e-C) 



= is3(u"(0, u'(0, (2 - u(0) + S3(u'(0, 2 - u(0, (2 - u(0)r ') 
Thus, d{()P{(,, 77) is symmetric as a function of variables f , 77, (. D 

Corollary 8.2. There exists a function (f> — (f>(ti, . . . ,tg) such that P{S.,ri) — 

Corollary 8.3. P'{^,r]) = d{Tj)u{^). 
Proof. Indeed, 



n,,,^.mi^ 



C^o 2(e - v) 



(u'(0(2-u(r7))-(2-u(0)u'(r?)) = 9(ry)u(0. □ 



Note that it follows from Theorem EH that d^Pi^,!^) = T^'d^u{S,). 
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9. A CONSTRUCTION OF THE W-FUNCTION 

Consider the equation 

(9.1) 2d''jogw = -ui, 
with the initial conditions 

(9.2) w(0) = l, dkw{0) = 0, k = l,...,g, 

here wi — ui(ti, . . . , tg) is a solution of the stationary g-KdV equation with respect 
to X = ti. 

Theorem 9.1. There exists a differentiable solution w of H9.1|l . (|9.2(l such that the 
functions 

(9.3) Uk = -2dAlogw, k=l,...,g 
satisfy the hypotheses of Theorem \4-.S\ 

Definition 9.1. The solutions of 1)9.1(1 described in Theorem W. 1\ are called special. 

Theorem 9.2. Letpij(t) be as in H8.1|l and (|8.2|) . Then there is a unique special 
solution of H9.1|l such that 

(9.4) 2did.j logw = -pij 
for all i, j . 

Proof. The existence of a required solution of 1(9. 4() follows from Corollary 18.21 
The function w is defined by 1(9. 4|l up to a factor exp(Ao + Aiti + . . . + Xgtg). All 
the constants Xi are uniquely determinated by the initial conditions ((9.2(1 . D 

This result completed the solution of Problem 1 . 

Definition 9.2. The special solution 1(9.1(1 described in Theorem Iff.jjl is called a 
w-function of the solution u of the stationary g-KdV equation. 

The relations between the higher logarithmic derivatives of the w function are ob- 
tained with the the technique of generating function. For example X^iifc C'n''C^didjdk logw 
d{C,)P(£,,ri). This function was calculated in Lemma 8.3. 

The solution u is a point of the space Rg (see Section EJ. Consequently, we can 
consider the w-function as a function w : C^ x Hg — > C. 

The rest of this section is devoted to an explicit construction of the w-function 
starting with the given solution u of the KdV equation. 

Denote t — {x,t2, . ■ . , tg) and put 

Then equation 1(9.1(1 implies: w{t) — exp(a(t) — i^(i)) where a"{t) — 0. Therefore, 
a{t) = ai{t)x + ao(i) where t — (t2, . ■ . , tg). The initial condition 1(9.2(1 gives now 
ao(0) = 0, ai(0) = 0, and 9feao(0) = 0, fc = 2, . . . , 5. It follows from (IHSl that 

(9.5) 2dkai (?) = -Uk + 2dk / u{t)dt, k^2,...,g. 

Jo 

The set of equations ((9.5(1 with the initial condition ai(0) = has a unique 
solution ai{t). It follows from ((9.4() that 2didjao{t) = 2didjip{t) — 2didj ai{t)x — 
Pij(t). These equations with the initial condition ao(0) = 0, dkao{0) = 0, fc = 
1 , . . . , (7 have a unique solution oq (t) . 
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10. Applications 



10.1. Kleinian cr-function. Consider hyperellipticKleinian functions cr(i), Ci(^) = 
di\oga{t), and pij{t) = — 2didj log a{t). The function 2pgg{t) is a solution of the 
stationary KdV equation (see 3 ). 

Corollary 10.1. Let z G C^ he a point where (t{z) 7^ 0. Then the function 

, , a(t + z) , >, N , 

a[z) 
is a w-function of the solution 2pgg{t + z). 

Proof. The functions Ui — 2pg^g_i+i and pij — 2pg_i+i,g_j+i satisfy equations 
(18. 1|) . (|9.4I) (see Q. ). The coroUary now follows from the uniqueness of the w- 
function. D 

Let 6g be the polynomials from 1 . The second logarithmic derivatives of Og give 
solutions of the higher KdV equations. As it was proved in ^, the polynomial 6g 
is, up to a linear change of variables, a rational limit Gg of the cr-function of genus 
g. Denote $(*) = d^logd g{t). 

Corollary 10.2. Let z G C^ be a point where ^g{z) 7^ 0. Then the function 

z«(i) = !^2^exp(-C(^),A 

is the w-function of the solution u = —2i\ogdg)". 

10.2. The homogeneity condition. The results obtained in this section follow 
from the uniqueness theorems for the w- functions. 

Lemma 10.1. Suppose that u(x,t2, ■ ■ ■ ,tg) is a solution of a stationary g-KdV 
equation with respect to x. Take k G C*. Then the function u{x,t2, ■ ■ ■ ,tg) = 
k'^u{kx, K^t2, . . . , K^^~^tg) is also a solution of the stationary g-KdV equation. Un- 
der the transformation u —* u the constants fj,i and ai are transformed as 'jli = 

Proof. Let {ui = u, U2,...,Ug} be a sequence of functions from Theorem 14.21 
Then the functions 

(10.1) Ui{x,t2,. ■ ■ , tg) = K^'Ui(KX, K^i2, • ■ • , H^^~^tg) 

satisfy the hypotheses of Lemma 12.31 and Lemma 12.41 Therefore by Theorem 14.21 
the function u is a solution of the stationary KdV equation. The values /i^ are 
determined by (|4.1(l . the values Oi are found from (|4.4|l . D 

Thus we have an action of the group C* on the space Hg. It is obvious that 
under this action the initial values Cj — w(^'(0) are transformed as Cj — k^^~^^Cj. 

Denote by w the w-function of the solution u. 

Lemma 10.2. The w-functions w and w of the solutions u and u are related as 
follows: 

w{ti, . . . ,tg) = w{kX, K^t2, ■ ■ ■ , K^^^^tg) 

Proof. The functions u^, Ui are related by equation 1)10. 1() . It follows from H8.1|l . 
(|0|) that -2d^djw{ti, . . . ,tg) ^ pij = ^2^+25-2^.^. ^ ~2d^djw{Kx, K^t2, . . . , n^^^^tg). 
Since the w-function is unique, this completes the proof. D 

Consider now the w-function as a function on the space C^ x Rg. 
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Theorem 10.1. The function w satisfies the homogeneity condition: 

w(ii,. ..,tg,ao,.. .,ag_2,co,.. ■,C2g) = w{Kti,.. . , K^^~4g, K~^^ao, . .. ,K^^ag^2, k^^cq, . .. ,K^^^^^C2g) 

Proof. The theorem foUows directly from Lemma Fl . 1 1 and Lemma [10.21 D 

Consider the function u(^) = J2i=i ^iS,i- It follows from H10.1|l that 

(10.2) u(x, t2, . . . , tg; = u(kx, k%, . . . , k^s-^^; ^-2^). 

Theorem 10.2. Let <i>(ti, . . . , i^;^^^, ai, . . . , ctg) be a common eigenfunction of 
the operators C, lAi, . . . ,hlg with the eigenvalues E = £,~^ , ai, ... ,ag (see Section 
^. Then the function 

ao-3) 

$(ti,.. .,tg;C^,ai,...,ag\K)^ $(tiK, . . . , igK^''~^;,^"^K~^, aiK~^, . . . , agK^^'^"^) 
is regular as a function of k in the vicinity of the origin, and 

$ = exp| J2 aje''^'u]+Oin). 

\1<*<J<9 / 

Proof. Denote t^ (tiK, . . . ,tgK^s-'i-y Using ifT?^ . (jTHTJ, one gets 

^ = n'^-\d,F){t; ^^«:-^ «l«^-^ . . . , agn-^^-^) 



Note that t -^ (0, . . . , 0) and Ui{t) — ^ Wi(0) as k ^ 0. Therefore we obtain 

This allows to obtain a deformation of the function $. We see that $ tends to 
the function <i>o of (|7.14|) as k ^ 0. 

Consider the space L = C^ x C* x C^ with coordinates {ti, . . . ,tg;^,ai, . . . , ag). 
Consider also an action of the group C* on the space L given by a formula K(ii , . . . , tg ; ^, ai , . . 
{tiK, t2K^, . . . ,tgK^s~^; £^K^,aiK~^, . . . ,agK~^^~^). This defines a projection p : 
L ^ M where AI — L/C*. Take some small e > and denote Lg = {(<i, . . . ,tg;£,,ai, . . . , ag) 
L ■ \^\ > s} and dL^ = {(ii, . . . ,tg;£_,ai, . . . ,ag) £ L : |^| = e}. Glue the bound- 
ary dLg to the space M using the projection p to obtains the space Z^ = L^ Up M. 

Let £2 < £• Then there is a map L^ ~^ L^^ defined by the formula (ti, . . . , t^; ^, ai, . . . , ctg) 
K(ti, . . . , tg; ^, ai, . . . , ag) where n = £"^'^£2 • This map sends the boundary dL;, 
to the boundary dL^.^ , so it can be lifted to a map Z^ = L^U M — > Zg,^ = L^^ U M. 
Denote Z = limE^o ^£ and recall that C* x V* C L. 

Consider the embedding C^ x V* ^ Z . This embedding covers the embedding 
r* -^ r. Approaching the limit point in T corresponds to ^ ^ is the space 
M C Z. So we get the following result: 
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Theorem 10.3. On the space Z there is a function <i>, such that ^\l = *& and 
$|m = $0. 

If ^ ^ then for the restriction <i>|p = <J>(ii, . . . , tg, ^~^, 0, 0, . . . , a^) one has 
$ ~ exp ( J2i<j<Q '^g S,^^-'^^ tj ] . Take a local parameter k = agS,^- It follows now 
from the equation {ag^^)^ = fi{£_) = 4^-^ + 0{£_) that $ - exp(X;f=i k^^^Hj). 

So, the restriction $|p has the same analytic properties as the Baker- Akhiezer 
function (\W\) of the solution u. By the uniqueness of the Baker- Akhiezer function 
we conclude that $|p coincides with the Baker-Akhiezer function. 

11. Examples 

In this section we demonstrate the key constructions of the paper in the cases 
g — 1 and g = 2. 

11.1. g = 1. We start with a solution u of the classical stationary KdV equation 
u'" — 6uu' = 0. Suppose that a; = is a regular point of the function u. Then the 
solution u with the given values cq = m(0), ci = w'(0), C2 = u"{0) is unique in a 
neighbourhood of the point x = 0. 
The key equation 14.1|l becomes 

4(4r' + Mie + M2e') - {u'fe + 2u"a2 - o + 4(r' + «)(2 - o^ 

hence \x\ = u" — 3u^, ^2 = 1/4((m')^ — 2u"u + Au^). It is easy to see that 
^'i = and /i2 = 0- Therefore /ii, ^2 are constants and so ^i — C2 — Scg, ^2 — 
l/4(cf-2c2Co + 4ci]). 

The equation of the hyperelliptic curve is 

4(4r' + MiC + /^2^')-y'- 

The w-function is u; = exp(— 0(x)) where (j){x) = ^ J^ J^ u{x)dx. 

The birational equivalence v : Ri — > Ui is given by the formula v{ui) — 
(r, {^,y)), where ^ = 2/co, y = 2ci/co. 

Let $ be a common eigenfunction of the operators C and Ui = Ai with the 
eigenvalues E = ^~^ and a, respectively. Then the logarithmic derivative of the 
function $ is 

$' _ 4:a£,-u'{x)( 

¥ ^ 2(2 - u(a;)0 



where 4a^ = 2^/4^-^ +/ii^ + Ai2^^. Therefore (9a; log* -- ^"^/^ as $ ^ 0. Let 
z e C be such that u{z) — 2^^^ and u'{z) — Aa. Then 

F'(x; r\ «) = F'{x- z) = --^^ 1^. 

2 u(zj — u[x) 

11.2. 5 = 2. It follows from the equation [£, A2 + aoAo] = that w'^^ — IOmm^^^ — 
2Qu"u' + 30w^u' + 16aou' = 0. Equation (|4.4f) implies that /xi = Soq. We have 
u(^) = wf + U2^^. The equation 1)4. l|l gives 

4(4r ' + Mif + ^^2e + A^sC' + A*4e^) 

= ^(-12m2 - 16u2 + Au") + ^^(4u^ - 8uM2 + (u')^ - 2uu" + Au'^) 
+ C^(8u^U2 + 4?i2 + 2-u'm2 - 2u2m" - 2-UW2) + i'^iAuul + {u'^f - 2U2U2). 
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Therefore, U2 = 4(u" — 3m^ — 8ao). Now we can describe /i2, ^13 and ^4 as constants 

in the following ordinary differential equation for u: ^2 ^ \ (4m(^' — IQuu" — 5(m')^ + lOu^ + IGflQu), 

Ai3 = i^(2mV" - 2uu('^) - 2{u"f - Ibu'^ + Su^u" - IGw^ao + 12^^^' + 64ao), 

^4 = ^(K')^ + lQ{u"fu - 2m"u(4) + I2{u'fu" + 6^2^(4) + 32^5 _ ZQu"u^ - 

12u"'u'u- leOaouii" + 132aoM^ + 16aou('') - 9QaQ{u'f + 256agu). At last, the bira- 

tional equivalence v : R2 —f IA2 is given by the formula v{ui) — w(co, . . . , C4, ao) = 

(r, [(^1, j/i), (^27 2/2)])- Here for the construction of T the coefficients /Xi, /i2, /is, /i4 

are used, obtained from the formula above by substitution c^ for u^ K The pairs 

(^i, j/i) are the following ones: Ci: ^2 are the roots of the equation 2 — co^ — |(c2 — 

3cq — 8ao)^^ = and j/i, ^2 are defined by the formula j/i = ci^^ + 7(^3 — SciCq). 
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